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• Deadline: Feb 12, 23:59.
• Submission: You can produce the submission file however you like (e.g. LATEX, handwriting,

etc), as long as it is readable. Points will be deducted if we have a hard time reading your
solutions or understanding the structure of your solution. If you prefer to use LATEX, there is
a template on the course website. You will submit your solutions through crowdmark before
the due date.

1. Gaussian mean estimation.

1.1. Optimal shrinkage factor [10pts]. Let x1, x2, ..., xn ∈ Rd be i.i.d. multivariate Gaussian
random vectors, i.e., xi ∼ N (θ, σ2I). Denoting the sample mean estimator with θ̂ , 1

n

∑n
i=1 xi,

consider an estimator of the form θ̂s =
(

1− τ
‖θ̂‖22

)
θ̂. Find the optimal τ that minimizes the risk

R(θ̂s, θ) = E[‖θ̂s − θ‖22].

1.2. Integration by parts [10pts]. Let x ∼ pθ(x) and gθ : Rd → Rd where pθ(x) and gθ(x) are
differentiable w.r.t θ and x, and let E[gθ(x)] = ξ(θ) for some function ξ. Show that

(a) E[∇x log pθ(x)gθ(x)>] + E[∇xgθ(x)] = 0,
(b) E[∇θ log pθ(x)gθ(x)>] + E[∇θgθ(x)] = ∇θξ(θ).

1.3. Generalizing SURE [10pts]. Let x ∼ N (θ,Σ) where θ ∈ Rd and Σ ∈ Rd×d. If θ̂(x) ∈ Rd
is an estimator of the form x+ g(x) where g : Rd → Rd is differentiable. Define the functional

S(x, θ̂) = Tr(Σ) + 2 Tr(Σ∇xg(x)) + ‖g(x)‖22.

Then show that S(x, θ̂) is an unbiased estimator of the risk, i.e., E[‖θ̂(x)− θ‖22] = E[S(x, θ̂)].

2. Exponential families.

2.1. Non-minimal exponential families [10pts]. Write the Bernoulli distribution as an exponen-
tial family when the sufficient statistics is φ(x) = [x, 1− x]>, and identify the natural parameter
and the CGF ψ. Verify that ∇ψ(θ) = Eφ(x).

2.2. Score function [10pts]. Assume that x ∼ pθ(x) where pθ is not necessarily in the expo-
nential family form. Denote the log-likelihood by `θ(x) = log pθ(x), show that

(a) E[∇θ`θ(x)] = 0.
(b) E[∇θ`θ(x)∇θ`θ(x)>] = −E[∇2

θ`θ(x)] (Problem 1.2 may be helpful).
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2.3. Maximum entropy principle [10pts]. Assume that p(x) is a probability mass function of
a discrete random variable taking values from a finite set X . Entropy of p is defined as H(p) =
−
∑

x∈X p(x) log p(x). For φ : X → Rd, show that the maximum entropy distribution satisfying
Ep[φ(x)] = θ ∈ Rd is a member of exponential family. That is, show that the solution to

maximize
p

H(p) subject to: Ep[φ(x)] = θ,

is an exponential family. (Hint: Write the Lagrangian associated with the above optimization
problem, and use KKT conditions to prove your point )

2.4. Equivalence of linear and logistic regression [20pts]. Generalized Linear Models (GLMs)
are obtained by modeling the natural parameter in exponential families as a linear function of
the features. In this problem, we assume that we have a response/feature pair (x, y) ∼ p(x, y).
The population version of the GLM negative log-likelihood (the risk of a GLM) and its solution
is given by

θ∗ = argmin
θ∈Rd

E[ψ(〈x, θ〉)− y〈x, θ〉].(2.1)

We choose ψ(z) = log(1 + exp(z)) for logistic regression (LR) and ψ(z) = z2/2 for the linear
regression (LS).

(a) (10 pts) Denoting by θLR and θLS, the solutions of the population LR and LS problems,
show that when the features are Gaussian x ∼ N (0,Σ), we have

θLR ∝ θLS.

That is, these weights are equivalent up to constant factor. Hint: Methods you use in ques-
tion 1.3 may be helpful.

(b) (10 pts) Demonstrate the above results in a simulation study with n = 5, 000 and d = 25,
and plot θ̂LR vs θ̂LS on a scatter plot. Report the details, e.g. how you generated data, how
you trained the models, etc. You can use any package, but keep in mind that there is no bias
term in the above formulation (i.e. no intercept). Hint: You should observe a clear linearity
between the parameters.

3. Sampling. In a sampling problem, we have a potentially intractable distribution p(x) such
that

p(x) =
1

Z
h(x),

where h(x) can be evaluated; however, the normalizing constant Z is intractable.
One way to sample from p is using the Rejection Sampler, which uses the following procedure:

• Find some other, easily-sampled density f , and known K > 0, such that Kf(x) ≥ h(x) for
all x.

• Sample X ∼ f , and U ∼ Uniform[0, 1] independently

– If U ≤ h(X)
Kf(X) , then accept X(as a draw from p).
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– Otherwise, reject X and start over again.

(a) (2 pts) Show that the samples are independent
(b) (9 pts) Show that the distribution of samples are identical and equal to p.
(c) (9 pts) Find the acceptance probability of the Rejection sampler. Argue about its behaviour

in high dimensions.
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