
 11 Kernel Methods Basics

Hilbert Space
A Hilbert space H is a red or complex inner product

space that is also a complete metric space wrt the norm

induced by its inner product

Remark Two key properties 1 innerproduct 2 completeness

Complete Every Cauchy sequence in A has a limit in H

No as FN sit nm N dtenam 8

www net

Def Innerprod An inner product is a fnc HxH IR

satisfying for f 9,4 EH
1 Symmetry f g 9 f
2 Linearity a b EIR Laftbg h a f h b g h

3 Nonnegativity i f f 0

ii f f 0 f 0

Norm induced by the inner product Iflly FF

Ex Euclidean space H Rd and standard inner prod

u v t Rd u u Uivi which defines a norm Hallz INM



Ex Square integrable fries on 10117

E 0,1 f 10,1 IR and ffcardan

with inner prod f g flagealdie

Def Dual space Dual space H of a Hilbert space It
is the space of all ants and beer fres from A to IR

It carries a norm FEH I Fll sup Fca
Kelly l

Def Linearfnc A fine f X IR is linear if for
n n f X and any CEIR it satisfies

f Rta f a fix

Rework f x ax is linear but fla arb is not for b 0

Ex Euclidean space H IRd then its deal H

H F Rd IR where F is linear and ants

Frics of the form Fca a u for some utird satisfy
the condition in H Are there any more

Them Riesz Fréchet Representation For every f EH
Ff tH unique at Ff 9 fig Also for every FEH
Fff tH unique sit F g ff g



No False air weird

f y
Dual norm IF sup 4in Hulk
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Kernels Formal Definition
Feature map

L n Goal

Kernel KC
RKHS 7

Def Featuremap A free X H where is the

input space and H is a Hilbert space

Def Kernel A kernel is a free k X X IR sit

for any 21 an E X the matrix kij klei.mg is PSD

Ex Linear kernel k and 42,21 Rd

Any a an tIRd Kij ring
LIE K XXT u Lu Ka 11 4112 0



Thu k A feature map It defines a kernel

proof Klein a a

For any x an Kij Klaing is PSD

Thu k For every kernel k X IR
H a Hilbert space and a feature map It sit

Klux 0in dean

proof for finite X Let see an and

Kij Kini nj K is PSD K UDUT IIT

ai D u defines a featuremap

Rework The choice of is not unique a Q Ge sit

Q is orthogonal QQ I

Hilbert space defined by the Reproducing Kernel
For a dataset Yi ri i i n and f 0,1J
We consider

min 4 fail HALF
fff

Choose f t for ÉYid aug
1 y
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T.FI training erner
overfitting



Clearly a Hilbert space is too complex even hasindicators

Def Evaluation functional For a Hilbert space offreshX IR Hat X the evaluation functional Ex IR
is defined as Ex h here

Remark Evaluation functionals are linear

4,4 E H Ex 4th heh a healthical Each Each

C E IR Ex ch c h a c hca c Each

Ex Euclidean input space X IRd H hole ope dead

Ez ha have 0,2

Def RKHS An RKHS 7 is a Hilbert space over

facs f IR sit evaluation fricials are Lipshitz

Remarks The constraint on the end fricials restricts 7
For example indicates no longer belong to F

Eval friels ere ants and linear Eat
By Riesz Fréchet feet EF sit

g gin Eng Yang

this repeater

Fnc evaluations can be written as innerproducts



Thm Fsk Every RKHS 7 defines a unique kernel

K L

proof RKHS evel friels En ere Lipshutz ants
Eat

By Riesz Fréchet 74m t 7 unique sit

Hff7 Ex f f Ya fix
Use is the representer 1 1 is the reproducing property

Since Yr EF for a EX by
Yu ai Eni Ye Ya Ya

k x x

Yet 7 42 n defines a feature map
which defines a kernel

Remark RKHS 7 defines a unique kernel k called the

in Ealf f Ya f Kim
Far

Thu k 7 Moore Aronszay.in

Every kernel corresponds to a unique RKHSk 7



proof Basic idea Use K k as basis for RKHS
Let n EIN x an EX Xi OitIR
Consider fin kleini and gin Oikikini

7 flu xi keeper new a an EX itir

this is a vector space but not necessarily complete

Define the fnc 1 7 7 IR as

fig xiOjk ring

This defines an inner product

1 Symmetry
2 Linearity

3 Non negativity i f f xixjKluing xTkx 0

ii fit

Define cca klan k aim EIR

Augmented kernel matrix for a renin

K L a



Assume f f but f o x o

For any scaler belR let 4 18 EIR

n'K'u L 8 2bEur 64dam

2b Tc a b k ape 0

But for any and 2 EIR Fb b 5 92 20 so

contradiction

Need to show all enal fries are Lipshitz

f a I ikiniki f K x

Notice Kla Ojk aj 1 kin II
f K x xidjklki.se xikcai.pe

Ex be an evaluation fricial f 9 Ef

Ea f 9 f g kin

If 91g Ilkin tl y byCauclySehmrte

1lf 9llyktaint
since I kin 111 kin k x k un



To complete the proof one needs to consider the

completion of 7 including all limit points This is skipped

Rework The main take
away property of RKHS

f ERKHS then f a 6 Keri a for some kitX and it R


