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Today’s lecture

• Supervised learning: least squares

•Machine learning applications and challenges

• Types of learning methods

• Course information and syllabus

• Fundamentals: overfitting, generalization, regularization

•This lecture is being recorded and will be shared on quercus!
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•Ask questions anytime either on chat or raising your hand.

Topics:



Machine Learning’s Successes

• Information Retrieval / Natural Language Processing:
- Text, audio, and image retrieval. 
- Parsing, machine translation, text analysis.

• Speech processing:
- Speech recognition, voice identification. 

• Robotics:
- Autonomous car driving, planning, control.

• Biostatistics / Computational Biology.

•Medical Imaging:
- computer-aided diagnosis, image-guided therapy.
- image registration, image fusion. 

• Neuroscience. 
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Images & Video

Relational Data/ 
Social Network

Massive increase in both computational power and the amount of 
data available from web, video cameras, laboratory measurements.

Mining for Structure

Speech & Audio

Gene Expression

Text & Language 

Geological Data
Product 
Recommendation

Climate Change

Develop statistical models that can 
discover underlying structure, cause, 
or statistical correlations from data.
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Legal/JudicialLeading          
Economic         
Indicators       

European Community 
Monetary/Economic  

Accounts/
Earnings 

Interbank Markets

Government 
Borrowings 

Disasters and 
Accidents     

Energy Markets

Finding Structure in Data

Vector of word counts 
on a webpage

804,414 newswire stories
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Recommender systems
Collaborative Filtering/
Matrix Factorization/
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Recommender systems

Hierarchical Bayesian Model
Rating value of 
user i for item j

Latent user feature 
(preference) vector

Latent item 
feature vector

Latent variables that 
we infer from 
observed ratings.

Collaborative Filtering/
Matrix Factorization/

Infer latent variables and make predictions using Markov chain Monte Carlo. 

Prediction: predict a rating       for user i and query movie j.  

Posterior over Latent Variables
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Finding Structure in Data

• Part of the wining solution in the Netflix contest (1 million-dollar prize).

Learned  ``genre’’

Fahrenheit 9/11
Bowling for Columbine
The People vs. Larry Flynt
Canadian Bacon
La Dolce Vita

Independence Day
The Day After Tomorrow
Con Air
Men in Black II
Men in Black

Friday the 13th
The Texas Chainsaw Massacre
Children of the Corn
Child's Play
The Return of Michael Myers

Netflix dataset: 
480,189 users 
17,770 movies 
Over 100 million ratings.

Collaborative Filtering/
Matrix Factorization/
Product Recommendation
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Impact of Neural Networks

• Speech Recognition

• Computer Vision

• Language Understanding 

• Recommender Systems 

• Drug Discovery and Medical 
Image Analysis 
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Speech Recognition 
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• From their blog:

- Restricted Boltzmann machines 
- Probabilistic Matrix Factorization

To put these algorithms to use, we had to work to overcome some limitations, for 
instance that they were built to handle 100 million ratings, instead of the more than 5 
billion that we have, and that they were not built to adapt as members added more 
ratings. But once we overcame those challenges, we put the two algorithms into 
production, where they are still used as part of our recommendation engine.

Netflix uses:
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• Probabilistic Models
• Bayesian Methods
• Optimization
• Decision trees
• Unsupervised learning
• Latent variable models
• Neural networks
• Sampling methods
• Reinforcement learning
• Algorithmic fairness

Course Topics
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Course Information
• Lectures: This course has two identical sections each week: 

– Monday 2pm-5pm online
• 2:10pm-3pm + 3:10pm-4pm + 4:10pm-5pm 

– Tuesday 7pm-10pm online
• 7:10pm-8pm + 8:10pm-9pm + 9:10pm-10pm

• Announcements and zoom links will be sent through quercus on Sunday.
• Course website: erdogdu.github.io/sta414/

– Contains all course information, slides, additional reading, 
assignments, announcements, OHs etc. Need to check regularly!

• Piazza: should be available through quercus.
• Your grade does not depend on your participation on Piazza. It’s just a good way for 

asking questions, discussing with your instructor, TAs and your peers. We will only allow 
questions that are related to the course materials/assignments/exams. 

• Email policy: Please use the Piazza site for most questions. For administrative issues that 
only concern you, email the course staff. 

Instructor email: sta414-2021-prof@cs.toronto.edu
TA email: sta414-2021-tas@cs.toronto.edu
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Course Evaluation

• 4 assignments: 50% (will not be equally weighted) 
– No collaboration. 

• 2-hour midterm: 20% (date TBD, most likely on the week of 
Mar 1)

• 3-hour final: 30% (date determined by FAS)

• Information about these will be posted on the website. 
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Assignments and Computation

• For the assignments: 
-Each student is responsible for his/her own work 
-You must write your own code, and your own solutions
-You can discuss with instructor and TAs

• Computation :
-Assignments will involve programming 
-You should use Python 
-It is freely available online
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Pre-requisites

• Make sure that you have the necessary pre-
requisites.

• Linear algebra, probability, calculus 
• STA314 is a pre-requisite! 
– But there will be some overlap.
– Check the list of topics on course webpage!
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Course Textbook
• No required textbooks.
• Christopher M. Bishop, Pattern Recognition and Machine Learning 

(2006)
• Gareth James, Daniela Witten, Trevor Hastie, Robert Tibshirani,  

Introduction to Statistical Learning (2017) 
• Trevor Hastie, Robert Tibshirani, Jerome Friedman, 

The Elements of Statistical Learning (2009)
• Kevin P. Murphy, 

Machine Learning: A Probabilistic Perspective
• Ian Goodfellow, Yoshua Bengio, Aaron Courville, 

Deep Learning (2016)
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What is Machine Learning?
• It’s similar to statistics... 
– Both fields try to uncover patterns in data 
– Both fields draw heavily on calculus, probability, and linear 

algebra, and share many of the same core algorithms 

• But it’s not statistics! 
– Stats is more concerned with helping scientists and 

policymakers draw good conclusions; ML is more 
concerned with building autonomous agents 

– Stats puts more emphasis on interpretability and 
mathematical rigor; ML puts more emphasis on predictive 
performance, scalability, and autonomy 
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Input Vectors
Consider observing a series of input vectors (feature, covariate):

19
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Types of Learning

• Supervised Learning: We are also given target outputs (labels, 
responses, output, classes): t1, t2,…, and the goal is to predict correct 
output given a new input. 

Consider observing a series of input vectors (feature, covariate):

• Unsupervised Learning: The goal is to find relations in x’s, which can 
be used for making predictions, decisions. 

-There is no outcome variable, just a set of measurements. 
- Objective can vary: 1- find relationships between data points 2- find low 
dimensional representation of your data, etc

• Semi-supervised Learning: We are given only a limited amount of 
labels, but lots of unlabeled data. 

• Reinforcement Learning: Learning system receives a reward signal, 
tries to learn to maximize the reward.
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Supervised Learning
Classification: target outputs ti are 
discrete class labels. The goal is to 
correctly classify new inputs. 

Regression: target outputs ti are 
continuous. The goal is to predict 
the output given new inputs. 
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Handwritten Digit Classification
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Unsupervised Learning
The goal is to construct statistical model 
that finds useful representation of data:
• Clustering
• Dimensionality reduction
• Modeling the data density 
• Finding hidden causes (useful 

explanation) of the data

Unsupervised Learning can be used for:
• Structure discovery
• Anomaly detection / Outlier detection
• Data compression, Data visualization
• Used to aid classification/regression 

tasks (i.e. pre-processing)
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DNA Microarray Data

Expression matrix of 6830 genes (rows) and 
64 samples (columns) for the human tumor 
data. 

The display is a heat map ranging from 
bright green (under expressed) to bright 
red (over expressed). 

Questions we may ask:
•Which samples are similar to other samples 
in terms of their expression levels across 
genes. 

•Which genes are similar to each other in 
terms of their expression levels across 
samples. 24



Linear Least Squares
• Assume that you have a dataset D = {(ti, xi) for i = 1, 2, . . . , n}
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• The pair                 is called a training sample.(ti, xi)
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•Looks linear! (d=1 for this Example)

•Find the “best” line that explains 
the relationship between the target 
and features.

• is target (response),                                               are featuresti
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Linear Least Squares
• Given a vector of d-dimensional inputs                                        we want 
to predict the target      (response) using the linear model: 

• The term w0 is the intercept, or often called bias term. It will be 
convenient to include the constant variable 1 in x and write:
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Linear Least Squares
One option is to minimize the sum of the squares of the errors between 
the predictions                   for each data point xn and the corresponding 
real-valued  targets tn.  

Loss (error) function: sum-of-squared 
error function:

Source: Wikipedia
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Linear Least Squares
In matrix notation, we can write

Source: Wikipedia

Intercept is included in design matrix to 
write things in compact form.
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1 x11 x12 . . . x1d

1 x21 x22 . . . x2d

. . . . . . . . . . . . . . . . . . . . . . . . .
1 xN1 xN2 . . . xNd
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Linear Least Squares
If              is nonsingular, then the unique solution is given by:

• At an arbitrary input      , the prediction is                                
• The entire model is characterized by d+1 parameters w*.

Source: Wikipedia

optimal 
weights

the design matrix has one 
input vector per row

vector of 
target values
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Example: Polynomial Curve Fitting

Note: the polynomial function is a nonlinear function of x, but it is a linear 
function of the coefficients w ! Still a linear model!

Goal: Fit the data using a polynomial function of the form:

Consider observing a training set consisting of N 1-dimensional observations:              
together with corresponding real-valued targets:

• The green plot is the true function  
• The training data was generated by taking   
xn spaced uniformly between [0 1]. 
• The target set (blue circles) was obtained 
by first computing the corresponding values 
of the sin function, and then adding  a small 
Gaussian noise. 
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Example: Polynomial Curve Fitting
• As for the least squares example:  we can minimize the sum of the 
squares of the errors between the predictions                  for each data 
point xn and the corresponding target values tn.  

• Similar to the linear least squares: Minimizing sum-of-squared error 
function has a unique solution w*. 

Loss function: sum-of-squared 
error function:

• The model is characterized by M+1 parameters w*.
• How do we choose M? ! Model Selection.
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Some Fits to the Data

For M=9, we have fitted the training data perfectly! For the black point 
(which wasn’t in the 
training data) your 
prediction is here!
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Overfitting

• For M=9, the training error is zero ! The polynomial contains 10 
parameters w, and so can be fitted exactly to the 10 data points.  

• Consider  a separate test set containing 100 new data points generated 
using the same procedure that was used to generate the training data.

• However, the test error has become very large. Why?
33



Overfitting

• As M increases, the magnitude of coefficients gets larger.  

• For M=9, the coefficients have become finely tuned to the data.

• Between data points, the function exhibits large oscillations.
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Varying the Size of the Data

• For a given model complexity, the overfitting problem becomes less 
severe as the size of the dataset increases. 

9th order polynomial (M=9)

• However, the number of parameters is not necessarily the most 
appropriate measure of the model complexity!
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Generalization
• The goal is to achieve good generalization by making accurate predictions 
for new test data that is not known during learning. 

Generalization = do well on test data

• Choosing the values of parameters that minimize the loss function on 
the training data may not be the best option. 
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Generalization
• The goal is to achieve good generalization by making accurate predictions 
for new test data that is not known during learning. 

• Choosing the values of parameters that minimize the loss function on 
the training data may not be the best option. 

•We would like to model the true regularities in the data and ignore the 
noise in the data: 
- It is hard to know which regularities are real and which are accidental 

due to the particular training examples we happen to pick. 

• Intuition: We expect the model to generalize 
if it explains the data well given the complexity 
of the model is low. 

• A model can fit the data perfectly. But this is 
not very informative. 
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A Simple Way to Penalize Complexity 
One technique for controlling over-fitting phenomenon is regularization, 
which amounts to adding a penalty term to the error function. 

where   and ¸ is     called the regularization term. Note 
that we do not penalize the bias term w0. 

penalized error 
function

regularization 
parameter

target value
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A Simple Way to Penalize Complexity 
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<latexit sha1_base64="JCTEJ4lOvmFuXGpP/SLUiRKEUSg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqutOhFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XCsnt+Xe0XS27FnQOtEi8jJcjQ6Be/egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrPKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrYuKV6u499VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/926OEg==</latexit>

f(0) = 4

<latexit sha1_base64="x3Hv/ChiBDumXzlFlIyNc8YTgCc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquVfQiFL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZph2Tu9rvaKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQmv/JSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFu6i49+el2k0WRx6O4BjK4MEl1OAO6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/APdxjhI=</latexit>

f(1) = 3

<latexit sha1_base64="dsp3alJUuq1bWru4R1Z/17TpQuY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuqehFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XCcvX8utovltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia88lMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWtWKd1Fx72ul+k0WRx5O4BTK4MEl1OEOGtAEAo/wDK/w5kjnxXl3PhatOSebOYY/cD5/APd0jhI=</latexit>

f(2) = 2

<latexit sha1_base64="ifedaIfVbMZ7urbT7IzcWHOfssk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXkpWFL0IRS8eK9gPaEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8SCG4vxt5dbWV1b38hvFra2d3b3ivsHDaMSTVmdKqF0KyCGCS5Z3XIrWCvWjESBYM1gdDv1m09MG67kgx3HrBuRgeQhp8Q6qaHL+PQa94olXMEzoGXiZ6QEGWq94lenr2gSMWmpIMa0fRzbbkq05VSwSaGTGBYTOiID1nZUkoiZbjq7doJOnNJHodKupEUz9fdESiJjxlHgOiNih2bRm4r/ee3EhlfdlMs4sUzS+aIwEcgqNH0d9blm1IqxI4Rq7m5FdEg0odYFVHAh+IsvL5PGWcW/qOD781L1JosjD0dwDGXw4RKqcAc1qAOFR3iGV3jzlPfivXsf89acl80cwh94nz8D2Y4a</latexit>

r(0) = 0

<latexit sha1_base64="uZlceL5INZpx4NffWJ/7pSVEZXg=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdUfQiFL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKR7dTv/VElWZSPJhxQoMYDwSLGMHGSk1V8U+v/Z5b9qreDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0z6r+RdW7Py/XbvI4inAEx1ABHy6hBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDBuSOHA==</latexit>

r(1) = 1

<latexit sha1_base64="RtxebznRT3CMRb4ISUmZKA8bfrQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuqehFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7VUuXp+Xe0XS27FnQOtEi8jJcjQ6Be/egNJkogKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupQJHVPvp/NopOrPKAIVS2RIGzdXfEymOtJ5Ege2MsBnpZW8m/ud1ExNe+SkTcWKoIItFYcKRkWj2OhowRYnhE0swUczeisgIK0yMDahgQ/CWX14lrWrFu6i497VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/Ce+OHg==</latexit>

r(2) = 2

<latexit sha1_base64="k+/CnKTooYlPs6lhrzAr38aKKsI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquVfQiFL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZqqXD29rvaKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQmv/JSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFu6i49+el2k0WRx6O4BjK4MEl1OAO6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AAz6jiA=</latexit>

r(3) = 3

<latexit sha1_base64="4Etv+/jLCYvcF42KB/pJlpwRmIs=">AAACA3icbVBNS8NAEJ3Ur1q/qt70slgED6UkVdFj0YvHCvYDmlI22027dLMJuxulhIAX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnRZwpbdvfVm5peWV1Lb9e2Njc2t4p7u41VRhLQhsk5KFse1hRzgRtaKY5bUeS4sDjtOWNrid+655KxUJxp8cR7QZ4IJjPCNZG6hUP3ADroecnDylymUBuYpedcrV86qa9Ysmu2FOgReJkpAQZ6r3il9sPSRxQoQnHSnUcO9LdBEvNCKdpwY0VjTAZ4QHtGCpwQFU3mf6QomOj9JEfSlNCo6n6eyLBgVLjwDOdk4vVvDcR//M6sfYvuwkTUaypILNFfsyRDtEkENRnkhLNx4ZgIpm5FZEhlphoE1vBhODMv7xImtWKc16xb89KtassjjwcwhGcgAMXUIMbqEMDCDzCM7zCm/VkvVjv1sesNWdlM/vwB9bnD+Full0=</latexit>

w 2 {0, 1, 2, 3}

<latexit sha1_base64="FfHKgM/2xtOC/6eMgGOJf96D8X0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquVfQiFL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZphuXp67fWKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQmv/JSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFu6i49+el2k0WRx6O4BjK4MEl1OAO6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/APd3jhI=</latexit>

f(3) = 1

<latexit sha1_base64="2KN5ufohjUXLXpz1LEX1V3eJf58=">AAACAHicbVDLSsNAFL2pr1pfVRcu3AwWQRBKUhRdFt24rGAf0IQymUzaoZNJmJkIJWTjr7hxoYhbP8Odf+O0zUJbDwwczrmHO/f4CWdK2/a3VVpZXVvfKG9WtrZ3dveq+wcdFaeS0DaJeSx7PlaUM0HbmmlOe4mkOPI57frj26nffaRSsVg86ElCvQgPBQsZwdpIg+rRuRtKTDKXm0yA86yRuySI9aBas+v2DGiZOAWpQYHWoPrlBjFJIyo04VipvmMn2suw1IxwmlfcVNEEkzEe0r6hAkdUednsgBydGiVAYSzNExrN1N+JDEdKTSLfTEZYj9SiNxX/8/qpDq+9jIkk1VSQ+aIw5UjHaNoGCpikRPOJIZhIZv6KyAibQrTprGJKcBZPXiadRt25rNv3F7XmTVFHGY7hBM7AgStowh20oA0EcniGV3iznqwX6936mI+WrCJzCH9gff4A6SyWnQ==</latexit>

+
�

2
·

<latexit sha1_base64="yznh4qvIAXSStGhZdr02TcSMxVo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZTKYNTTJDkhHK0K9w40IRt36OO//GdDoLbT0QOJxzLrn3BAln2rjut1NaWV1b3yhvVra2d3b3qvsHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mOf22iIr91BtebW3RxomXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqt9FNNE0zGeEh7lkosqPazfOEpOrFKiKJY2ScNytXfExkWWk9EYJMCm5Fe9Gbif14vNdGVnzGZpIZKMv8oSjkyMZpdj0KmKDF8YgkmitldERlhhYmxHVVsCd7iycukfVb3Luru/XmtcVPUUYYjOIZT8OASGnAHTWgBAQHP8ApvjnJenHfnYx4tOcXMIfyB8/kDMvOQAg==</latexit>

� = 0
<latexit sha1_base64="whrH2LGAUaorzd8jm43htMMJZD8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4QDdC0Y3LCvYBnaFk0kwbmsmEJKOUob/hxoUibv0Zd/6NmXYWWj0QOJxzL/fkhJIzbVz3yyktLa+srpXXKxubW9s71d29tk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+Cb3Ow9UaZaIezORNIjxULCIEWys5PsxNqMwyh6nV6f9as2tuzOgv8QrSA0KNPvVT3+QkDSmwhCOte55rjRBhpVhhNNpxU81lZiM8ZD2LBU4pjrIZpmn6MgqAxQlyj5h0Ez9uZHhWOtJHNrJPKNe9HLxP6+XmugyyJiQqaGCzA9FKUcmQXkBaMAUJYZPLMFEMZsVkRFWmBhbU8WW4C1++S9pn9S987p7d1ZrXBd1lOEADuEYPLiABtxCE1pAQMITvMCrkzrPzpvzPh8tOcXOPvyC8/EN+XqRow==</latexit>

w = 3

<latexit sha1_base64="lVBn62VrfXq/plWmVdkqIQcSGQc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIi26EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX9cG5YpbdedAq8TLSQVyNAflr34Yk1RQaQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1RiQbWfzReeojOrhCiKlX3SoLn6eyLDQuuJCGxSYDPSy95M/M/rpSa68jMmk9RQSRYfRSlHJkaz61HIFCWGTyzBRDG7KyIjrDAxtqOSLcFbPnmVtC+qXr3q3tcqjZu8jiKcwCmcgweX0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fOQOQBg==</latexit>

� = 4

<latexit sha1_base64="BLXk5aDhQQmwWIybaxrpTG2Gm+k=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZTKYNTTJDkhHK0K9w40IRt36OO//GdDoLbT0QOJxzLrn3BAln2rjut1NaWV1b3yhvVra2d3b3qvsHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mOf22iIr71BtebW3RxomXgFqUGB5qD61Q9jkgoqDeFY657nJsbPsDKMcDqt9FNNE0zGeEh7lkosqPazfOEpOrFKiKJY2ScNytXfExkWWk9EYJMCm5Fe9Gbif14vNdGVnzGZpIZKMv8oSjkyMZpdj0KmKDF8YgkmitldERlhhYmxHVVsCd7iycukfVb3Luru/XmtcVPUUYYjOIZT8OASGnAHTWgBAQHP8ApvjnJenHfnYx4tOcXMIfyB8/kDNHeQAw==</latexit>

� = 1
<latexit sha1_base64="TcpO9DfiQkrFtohubKH9XSo2nTM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUi26EohuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E49uZ33miSrNYPphJQn2Bh5JFjGBjpcc+t9EQX9cG5YpbdedAq8TLSQVyNAflr34Yk1RQaQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1RiQbWfzReeojOrhCiKlX3SoLn6eyLDQuuJCGxSYDPSy95M/M/rpSa68jMmk9RQSRYfRSlHJkaz61HIFCWGTyzBRDG7KyIjrDAxtqOSLcFbPnmVtGtVr1517y8qjZu8jiKcwCmcgweX0IA7aEILCAh4hld4c5Tz4rw7H4towclnjuEPnM8fNfuQBA==</latexit>

� = 2

<latexit sha1_base64="4XrWlPjaMtLrqagO2QEXaL3zVRk=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8lUQUPRa9eKxgP6ANZbOdtkt3N2F3Uqyh/8SLB0W8+k+8+W/ctjlo64OBx3szzMyLEsEN+v63s7K6tr6xWdgqbu/s7u27B4d1E6eaQY3FItbNiBoQXEENOQpoJhqojAQ0ouHt1G+MQBseqwccJxBK2le8xxlFK3Vct43wiJnkikv+BHrScUt+2Z/BWyZBTkokR7XjfrW7MUslKGSCGtMK/ATDjGrkTMCk2E4NJJQNaR9alioqwYTZ7PKJd2qVrteLtS2F3kz9PZFRacxYRrZTUhyYRW8q/ue1UuxdhxlXSYqg2HxRLxUext40Bq/LNTAUY0so09ze6rEB1ZShDatoQwgWX14m9fNycFn27y9KlZs8jgI5JifkjATkilTIHamSGmFkRJ7JK3lzMufFeXc+5q0rTj5zRP7A+fwBhu+UPA==</latexit>

minimizer

<latexit sha1_base64="AUQT7+83H5ac0f82XATngXdma/w=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqmRE0Y1QdOOygn1AZyiZNNOGZjJDklHK0N9w40IRt/6MO//GTDsLbT0QOJxzL/fkBIng2mD87ZRWVtfWN8qbla3tnd296v5BW8epoqxFYxGrbkA0E1yyluFGsG6iGIkCwTrB+Db3O49MaR7LBzNJmB+RoeQhp8RYyfMiYkZBmD1Nr3G/WsN1PANaJm5BalCg2a9+eYOYphGThgqidc/FifEzogyngk0rXqpZQuiYDFnPUkkipv1slnmKTqwyQGGs7JMGzdTfGxmJtJ5EgZ3MM+pFLxf/83qpCa/8jMskNUzS+aEwFcjEKC8ADbhi1IiJJYQqbrMiOiKKUGNrqtgS3MUvL5P2Wd29qOP781rjpqijDEdwDKfgwiU04A6a0AIKCTzDK7w5qfPivDsf89GSU+wcwh84nz/07pGg</latexit>

w = 0

<latexit sha1_base64="whrH2LGAUaorzd8jm43htMMJZD8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4QDdC0Y3LCvYBnaFk0kwbmsmEJKOUob/hxoUibv0Zd/6NmXYWWj0QOJxzL/fkhJIzbVz3yyktLa+srpXXKxubW9s71d29tk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+Cb3Ow9UaZaIezORNIjxULCIEWys5PsxNqMwyh6nV6f9as2tuzOgv8QrSA0KNPvVT3+QkDSmwhCOte55rjRBhpVhhNNpxU81lZiM8ZD2LBU4pjrIZpmn6MgqAxQlyj5h0Ez9uZHhWOtJHNrJPKNe9HLxP6+XmugyyJiQqaGCzA9FKUcmQXkBaMAUJYZPLMFEMZsVkRFWmBhbU8WW4C1++S9pn9S987p7d1ZrXBd1lOEADuEYPLiABtxCE1pAQMITvMCrkzrPzpvzPh8tOcXOPvyC8/EN+XqRow==</latexit>

w = 3

<latexit sha1_base64="4Etv+/jLCYvcF42KB/pJlpwRmIs=">AAACA3icbVBNS8NAEJ3Ur1q/qt70slgED6UkVdFj0YvHCvYDmlI22027dLMJuxulhIAX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnRZwpbdvfVm5peWV1Lb9e2Njc2t4p7u41VRhLQhsk5KFse1hRzgRtaKY5bUeS4sDjtOWNrid+655KxUJxp8cR7QZ4IJjPCNZG6hUP3ADroecnDylymUBuYpedcrV86qa9Ysmu2FOgReJkpAQZ6r3il9sPSRxQoQnHSnUcO9LdBEvNCKdpwY0VjTAZ4QHtGCpwQFU3mf6QomOj9JEfSlNCo6n6eyLBgVLjwDOdk4vVvDcR//M6sfYvuwkTUaypILNFfsyRDtEkENRnkhLNx4ZgIpm5FZEhlphoE1vBhODMv7xImtWKc16xb89KtassjjwcwhGcgAMXUIMbqEMDCDzCM7zCm/VkvVjv1sesNWdlM/vwB9bnD+Full0=</latexit>

w 2 {0, 1, 2, 3}



A Simple Way to Penalize Complexity 
One technique for controlling over-fitting phenomenon is regularization, 
which amounts to adding a penalty term to the error function. 

where   and ¸ is     called the regularization term. Note 
that we do not penalize the bias term w0. 

• The idea is to “shrink” estimated parameters 
towards zero (or towards the mean of some other 
weights).
• Shrinking to zero: penalize coefficients based on 
their size. But doesn’t provide sparsity!
• For a penalty function which is the sum of the 
squares of the parameters, this is known as 
a “weight decay”, or  “ridge regression”.    

penalized error 
function

regularization 
parameter

target value

<latexit sha1_base64="yMsISBAlJXnCY/UmYzj6RS7qozc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfXOMug==</latexit>

2
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Regularization

Graph of the root-mean-squared training and test errors vs. ln  ¸ for 
the M=9 polynomial. 

How to choose the regularization parameter    ? �
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Validation
If the data is plentiful, we can divide the dataset into three subsets:
• Training Data: used to fitting/learning the parameters of the model.
• Validation Data: not used for learning but for selecting the model, 

choosing the amount of regularization that works best (i.e. M or any 
other hyperparameter tuning).

• Test Data: used to get performance of the final model. 
Rule of thumb: split 50% training, 25% validation, 25% test

Your model should never see test data!!

• For a range of      (say                                        )
• For each   , train model on training data and compute its error on 

validation data set
• Choose      that has the smallest error.
• Test the final performance of your model on test data.
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Validation
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Cross Validation
For many applications, the supply of data for training and testing is limited.
To build good models, we may want to use as much training data as possible.
If the validation set is small, we get noisy estimate of the predictive performance. 

S=4 fold cross-validation
• The data is partitioned into S groups.
• Then S-1 of the groups are used for training 
the model, which is evaluated on the 
remaining group that serves as validation.
• Repeat procedure for all S possible choices of 
the held-out group.
• Errors from the S runs are averaged, which is 
the CV error corresponding to that    .
• Pick       with smallest CV error.  
•Test the final performance of your model on 
test data.

Training set     Validation set

• For a range of      (say                                        )
• For each   , 
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The Rules of Probability 

Sum rule

Product Rule

45

Joint distribution

Conditional distribution

For discrete random variables X and Y



Bayes’ Rule
• From the product rule, 

• Remember the sum rule:

•We will revisit Bayes’ Rule later in class.  

46

Bayes’ rule:



Illustrative Example 
• Distribution over two variables: X takes on 9 possible values, and Y 
takes on 2 possible values.

47



Probability Density
• Cumulative distribution function is defined as:

The probability density is:

• The sum and product rules 
take similar forms:

<latexit sha1_base64="8LZGnc+5cCvkNTvTQuPZMebVcKo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovQbkoiim6EohuXEewDmlAm00k7dDKJMxOhDV248VfcuFDErR/hzr9x0mahrQcuHM65l3vv8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHLRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7o+vMbz8QIWnE79Q4Jl6IBpwGFCOlpZ5ZdqqTGryEbojU0PdTZ1rtQJeRezip9cyKVbdmgMvEzkkF5HB65pfbj3ASEq4wQ1J2bStWXoqEopiRaclNJIkRHqEB6WrKUUikl86emMJjrfRhEAldXMGZ+nsiRaGU49DXndmtctHLxP+8bqKCCy+lPE4U4Xi+KEgYVBHMEoF9KghWbKwJwoLqWyEeIoGw0rmVdAj24svLpHVSt8/q1u1ppXGVx1EEZXAEqsAG56ABboADmgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8f/bmWaA==</latexit>

P (z) = P(X  z)
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Probability Density

• The probability density must 
satisfy the following two conditions

P
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Expectations
• The average value of some function f(x) under a probability distribution 
(density)  p(x) is called the expectation of f(x):  

• If we are given a finite number N of points drawn from the probability 
distribution (density), then the expectation can be approximated as: 

• Conditional Expectation with respect to the conditional distribution: 
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Variances and Covariances 
• The variance of f(x) is defined as: 

which measures how much variability there is in f(x) around its mean 
value E[f(x)]. 

• Note that if f(x) = x, then 

Variances and Covariances 
• The variance of f(x) is defined as: 

which measures how much variability there is in f(x) around its mean 
value E[f(x)]. 

• Note that if f(x) = x, then 
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Variances and Covariances
• For two random variables x and y, the covariance is defined as:

which measures the extent to which x and y vary together. If x and y are 
independent, then their covariance vanishes. 

• For two vectors of random variables x and y, the covariance is a matrix:
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The Gaussian Distribution 
• For the case of single real-valued variable x, the Gaussian distribution is 
defined as:

• Next class, we will look at various distributions as well as at multivariate 
extension of the Gaussian distribution. 

which is governed by two parameters:

- (mean)
- (variance)

is called the precision. 

µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

53



The Gaussian Distribution 
• For the case of single real-valued variable x, the Gaussian distribution is 
defined as:

• The Gaussian distribution satisfies:

which satisfies the two requirements 
for a valid probability density 
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Mean and Variance
• Expected value of x takes the following form:

Because the parameter      represents the average value of x under the 
distribution, it is referred to as the mean. 

• Similarly, the second order moment takes form:

• It then follows that the variance of x is given by:
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Questions?


