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Today

• Support Vector Machines

• Decision Trees

• HW3 is posted on the course webpage.
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Binary Classification with a Linear
Model

• Classification: Predict a discrete-valued target
• Binary classification: Targets t ∈ {−1,+1} (previously we had

t ∈ {0,+1}; here, however, we consider the former case).
• Linear model:

z = w>x + b

y = sign(z)

• Question: How should we choose w and b?
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Zero-One Loss
• We can use the 0− 1 loss function, and find the weights that

minimize it over data points

L0−1(y , t) =

{
0 if y = t
1 if y 6= t

= I{y 6= t}.

• But minimizing this loss is computationally difficult, and it can’t
distinguish different hypotheses that achieve the same accuracy.

• We investigated some other loss functions that are easier to
minimize, e.g., logistic regression with the cross-entropy loss LCE.

• Let’s consider a different approach, starting from the geometry of
binary classifiers.
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Separating Hyperplanes
Suppose we are given these data points from two different classes and
want to find a linear classifier that separates them.
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Separating Hyperplanes
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• The decision boundary looks like a line because x ∈ R2, but think
about it as a D − 1 dimensional hyperplane.

• Recall that a hyperplane is described by points x ∈ RD such that
f (x) = w>x + b = 0.
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Separating Hyperplanes
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• There are multiple separating hyperplanes, described by different
parameters (w, b).
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Separating Hyperplanes
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Optimal Separating Hyperplane

Optimal Separating Hyperplane: A hyperplane that separates two
classes and maximizes the distance to the closest point from either
class, i.e., maximize the margin of the classifier.
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Intuitively, ensuring the decision boundary is not too close to any data
points leads to better generalization on the test data.
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Geometry of Points and Planes
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• Recall that the decision hyperplane is orthogonal (perpendicular)
to w.

• The vector w∗ = w
‖w‖2

is a unit vector pointing in the same
direction as w.

• The same hyperplane could equivalently be defined in terms of w∗.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

• Let’s compute the distance between a point x′ and the hyperplane
H = {x : wT x + b = 0}

• We can write: x′ = xproj + xN where xproj ∈ H and xN ∈ span(w)
• Note: ‖xN‖2 is the distance from x′ to H
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Geometry of Points and Planes

• Since xN ∈ span(w), can write xN = λw for some λ
• Then:

wT x′ + b = wT (xproj + xN) + b

= wT xproj + b + wT (λw)

= 0 + λ ‖w‖22
= λ ‖w‖ ‖w‖

• Hence, ‖xN‖ = |λ| ‖w‖ = |wT x′+b|
‖w‖
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

The (signed) distance of a point x′ to the hyperplane is

w>x′ + b

‖w‖2
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Maximizing Margin as an Optimization
Problem

• Recall: the classification for the i-th data point is correct when

sign(w>xi + b) = ti

• This can be rewritten as

ti (w>xi + b) > 0

• Enforcing a margin of C :

ti ·
(w>xi + b)

‖w‖2︸ ︷︷ ︸
signed distance

≥ C
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Maximizing Margin as an Optimization
ProblemMax-margin objective:

max
w,b

C

s.t. ti (w
>xi + b)

‖w‖2
≥ C i = 1, . . . ,N

• Note: can scale w and b by any positive value and get the same
decision boundary

• This means we can choose to enforce ‖w‖2 = r for any r > 0
without changing the original solution

• Let’s add the constraint ‖w‖2 = 1
C

max
w,b

C

s.t. ti (w
>xi + b)

‖w‖2
≥ C i = 1, . . . ,N

‖w‖2 =
1
C
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Maximizing Margin as an Optimization
Problem

max
w,b

C

s.t. ti (w
>xi + b)

‖w‖2
≥ C i = 1, . . . ,N

‖w‖2 =
1
C

Note that if ‖w‖2 = 1
C then:

ti (w>xi + b)

‖w‖2
≥ 1
‖w‖2︸ ︷︷ ︸

geometric margin constraint

⇐⇒ ti (w>xi + b) ≥ 1︸ ︷︷ ︸
algebraic margin constraint

Plugging in C = 1
‖w‖2

, equivalent optimization objective:

min ‖w‖22
s.t. ti (w>xi + b) ≥ 1 i = 1, . . . ,N
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Maximizing Margin as an Optimization
Problem

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>
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Maximizing Margin as an Optimization
Problem

Algebraic max-margin objective:

min
w,b
‖w‖22

s.t. ti (w>xi + b) ≥ 1 i = 1, . . . ,N
<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

• Observe: if the margin constraint is not tight for xi , we could
remove it from the training set and the optimal w would be the
same.

• The important training examples are the ones with algebraic
margin 1, and are called support vectors.

• Hence, this algorithm is called the (hard) Support Vector Machine
(SVM) (or Support Vector Classifier).

• SVM-like algorithms are often called max-margin classifiers.
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Non-Separable Data Points

How can we apply the max-margin principle if the data are not linearly
separable?
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Maximizing Margin for Non-Separable
Data Points

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="v8Ry+B9UWZbY2oQR8qE+CAUB9zU=">AAACQXicdVDNSsNAGNz4W+tfq0cvwaJ4KokIeiz24rGCaQtNKJvNpl26P2F3I5aQZ/Cqz+NT+AjexKsXt2kOtqUDHwwz38AwYUKJ0o7zaW1sbm3v7Fb2qvsHh0fHtfpJV4lUIuwhQYXsh1BhSjj2NNEU9xOJIQsp7oWT9szvPWOpiOBPeprggMERJzFBUBvJ81/I0B3WGk7TKWCvErckDVCiM6xbl34kUMow14hCpQauk+ggg1ITRHFe9VOFE4gmcIQHhnLIsAqyom1uXxglsmMhzXFtF+r/RAaZUlMWmk8G9VgtezNxnafHLF/U6EhIYmSC1hhLbXV8F2SEJ6nGHM3Lxim1tbBn89kRkRhpOjUEIpMnyEZjKCHSZuSqXwSztmAM8kjlZll3ecdV0r1uuk7TfbxptO7LjSvgDJyDK+CCW9ACD6ADPIAAAa/gDbxbH9aX9W39zF83rDJzChZg/f4BpCWxdw==</latexit> <latexit sha1_base64="LeZmm3xJsfTdes5W71yrJjO4Q6Q=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mKoMdiLx4rmLbQhLLZbNql+xN2N2IJeQav+jw+hY/gTbx6cdvmYFs68MEw8w0MEyaUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0qkEmEPCSpkP4QKU8Kxp4mmuJ9IDFlIcS+ctGd+7xlLRQR/0tMEBwyOOIkJgtpInv9Chs1hte40nDnsdeIWpA4KdIY168qPBEoZ5hpRqNTAdRIdZFBqgijOK36qcALRBI7wwFAOGVZBNm+b25dGiexYSHNc23P1fyKDTKkpC80ng3qsVr2ZuMnTY5Yva3QkJDEyQRuMlbY6vgsywpNUY44WZeOU2lrYs/nsiEiMNJ0aApHJE2SjMZQQaTNyxZ8Hs7ZgDPJI5WZZd3XHddJtNlyn4T7e1Fv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/pf6xeA==</latexit>

<latexit sha1_base64="FcLicTG2Qokn8gLMrVzYhNbQfR4=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0lU0GOxF48VTFtoQtlstu3S/Qm7G7GEPINXfR6fwkfwJl69uE1zsC0d+GCY+QaGCWNKlHacT6u0sbm1vVPereztHxweVWvHHSUSibCHBBWyF0KFKeHY00RT3IslhiykuBtOWjO/+4ylIoI/6WmMAwZHnAwJgtpInv9CBteDat1pODnsVeIWpA4KtAc168KPBEoY5hpRqFTfdWIdpFBqgijOKn6icAzRBI5w31AOGVZBmrfN7HOjRPZQSHNc27n6P5FCptSUheaTQT1Wy95MXOfpMcsWNToSkhiZoDXGUls9vAtSwuNEY47mZYcJtbWwZ/PZEZEYaTo1BCKTJ8hGYygh0mbkip8H05ZgDPJIZWZZd3nHVdK5arhOw328qTfvi43L4BScgUvgglvQBA+gDTyAAAGv4A28Wx/Wl/Vt/cxfS1aROQELsH7/AKfXsXk=</latexit>

<latexit sha1_base64="sHovSF/sqvWoNNa6CC158gySo1A=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mkoMdiLx4rmLbQhLLZbNul+xN2N2IJeQav+jw+hY/gTbx6cZvmYFs68MEw8w0ME8aUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0okEmEPCSpkP4QKU8Kxp4mmuB9LDFlIcS+ctud+7xlLRQR/0rMYBwyOORkRBLWRPP+FDJvDat1pODnsdeIWpA4KdIY168qPBEoY5hpRqNTAdWIdpFBqgijOKn6icAzRFI7xwFAOGVZBmrfN7EujRPZISHNc27n6P5FCptSMheaTQT1Rq95c3OTpCcuWNToWkhiZoA3GSls9ugtSwuNEY44WZUcJtbWw5/PZEZEYaTozBCKTJ8hGEygh0mbkip8H07ZgDPJIZWZZd3XHddK9abhOw31s1lv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/qbCxeg==</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Main Idea:
• Allow some points to be within the margin or even be

misclassified; we represent this with slack variables ξi .
• But constrain or penalize the total amount of slack.
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Maximizing Margin for Non-Separable
Data Points

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="v8Ry+B9UWZbY2oQR8qE+CAUB9zU=">AAACQXicdVDNSsNAGNz4W+tfq0cvwaJ4KokIeiz24rGCaQtNKJvNpl26P2F3I5aQZ/Cqz+NT+AjexKsXt2kOtqUDHwwz38AwYUKJ0o7zaW1sbm3v7Fb2qvsHh0fHtfpJV4lUIuwhQYXsh1BhSjj2NNEU9xOJIQsp7oWT9szvPWOpiOBPeprggMERJzFBUBvJ81/I0B3WGk7TKWCvErckDVCiM6xbl34kUMow14hCpQauk+ggg1ITRHFe9VOFE4gmcIQHhnLIsAqyom1uXxglsmMhzXFtF+r/RAaZUlMWmk8G9VgtezNxnafHLF/U6EhIYmSC1hhLbXV8F2SEJ6nGHM3Lxim1tbBn89kRkRhpOjUEIpMnyEZjKCHSZuSqXwSztmAM8kjlZll3ecdV0r1uuk7TfbxptO7LjSvgDJyDK+CCW9ACD6ADPIAAAa/gDbxbH9aX9W39zF83rDJzChZg/f4BpCWxdw==</latexit> <latexit sha1_base64="LeZmm3xJsfTdes5W71yrJjO4Q6Q=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mKoMdiLx4rmLbQhLLZbNql+xN2N2IJeQav+jw+hY/gTbx6cdvmYFs68MEw8w0MEyaUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0qkEmEPCSpkP4QKU8Kxp4mmuJ9IDFlIcS+ctGd+7xlLRQR/0tMEBwyOOIkJgtpInv9Chs1hte40nDnsdeIWpA4KdIY168qPBEoZ5hpRqNTAdRIdZFBqgijOK36qcALRBI7wwFAOGVZBNm+b25dGiexYSHNc23P1fyKDTKkpC80ng3qsVr2ZuMnTY5Yva3QkJDEyQRuMlbY6vgsywpNUY44WZeOU2lrYs/nsiEiMNJ0aApHJE2SjMZQQaTNyxZ8Hs7ZgDPJI5WZZd3XHddJtNlyn4T7e1Fv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/pf6xeA==</latexit>

<latexit sha1_base64="FcLicTG2Qokn8gLMrVzYhNbQfR4=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0lU0GOxF48VTFtoQtlstu3S/Qm7G7GEPINXfR6fwkfwJl69uE1zsC0d+GCY+QaGCWNKlHacT6u0sbm1vVPereztHxweVWvHHSUSibCHBBWyF0KFKeHY00RT3IslhiykuBtOWjO/+4ylIoI/6WmMAwZHnAwJgtpInv9CBteDat1pODnsVeIWpA4KtAc168KPBEoY5hpRqFTfdWIdpFBqgijOKn6icAzRBI5w31AOGVZBmrfN7HOjRPZQSHNc27n6P5FCptSUheaTQT1Wy95MXOfpMcsWNToSkhiZoDXGUls9vAtSwuNEY47mZYcJtbWwZ/PZEZEYaTo1BCKTJ8hGYygh0mbkip8H05ZgDPJIZWZZd3nHVdK5arhOw328qTfvi43L4BScgUvgglvQBA+gDTyAAAGv4A28Wx/Wl/Vt/cxfS1aROQELsH7/AKfXsXk=</latexit>

<latexit sha1_base64="sHovSF/sqvWoNNa6CC158gySo1A=">AAACQXicdVDNSsNAGNzUv1r/Wj16CRbFU0mkoMdiLx4rmLbQhLLZbNul+xN2N2IJeQav+jw+hY/gTbx6cZvmYFs68MEw8w0ME8aUKO04n1Zpa3tnd6+8Xzk4PDo+qdZOu0okEmEPCSpkP4QKU8Kxp4mmuB9LDFlIcS+ctud+7xlLRQR/0rMYBwyOORkRBLWRPP+FDJvDat1pODnsdeIWpA4KdIY168qPBEoY5hpRqNTAdWIdpFBqgijOKn6icAzRFI7xwFAOGVZBmrfN7EujRPZISHNc27n6P5FCptSMheaTQT1Rq95c3OTpCcuWNToWkhiZoA3GSls9ugtSwuNEY44WZUcJtbWw5/PZEZEYaTozBCKTJ8hGEygh0mbkip8H07ZgDPJIZWZZd3XHddK9abhOw31s1lv3xcZlcA4uwDVwwS1ogQfQAR5AgIBX8AberQ/ry/q2fhavJavInIElWL9/qbCxeg==</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

• Soft margin constraint:

ti (w>xi + b)

‖w‖2
≥ C (1− ξi ),

for ξi ≥ 0.
• Penalize

∑
i ξi
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Maximizing Margin for Non-Separable
Data Points

The Soft-margin SVM objective becomes:

min
w,b,ξ

1
2
‖w‖22 + γ

N∑
i=1

ξi

s.t. ti (w>xi + b) ≥ 1− ξi i = 1, . . . ,N
ξi ≥ 0 i = 1, . . . ,N

• γ is a hyperparameter that trades off the margin with the amount
of slack.
I For γ = 0, we’ll get w = 0. (Why?)
I As γ →∞ we get the hard-margin objective.

• Note: it is also possible to constrain
∑

i ξi instead of penalizing it.
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From Margin Violation to Hinge Loss
Let’s simplify the soft margin constraint by eliminating ξi . Recall:

ti (w>xi + b) ≥ 1− ξi i = 1, . . . ,N
ξi ≥ 0 i = 1, . . . ,N

• Rewrite as ξi ≥ 1− ti (w>xi + b).
• Case 1: 1− ti (w>xi + b) ≤ 0

I The smallest non-negative ξi that satisfies the constraint is
ξi = 0.

• Case 2: 1− ti (w>xi + b) > 0
I The smallest ξi that satisfies the constraint is

ξi = 1− ti (w>xi + b).
• Hence, ξi = max{0, 1− ti (w>xi + b)}.
• Therefore, the slack penalty can be written as

N∑
i=1

ξi =
N∑
i=1

max{0, 1− ti (w>xi + b)}.
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From Margin Violation to Hinge Loss

If we write yi (w, b) = w>x + b, then the optimization problem can be
written as

min
w,b

N∑
i=1

max{0, 1− tiyi (w, b)}+
1
2γ
‖w‖22

• The loss function LH(y , t) = max{0, 1− ty} is called the hinge
loss.

• The second term is the L2-norm of the weights.
• Hence, the soft-margin SVM can be seen as a linear classifier with

hinge loss and an L2 regularizer.
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Revisiting Loss Functions for
Classification

Hinge loss compared with other loss functions
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Dual problem

Soft-margin SVM objective:

min
w,b,ξ

1
2
‖w‖22 + γ

N∑
i=1

ξi

s.t. ti (w>xi + b) ≥ 1− ξi i = 1, . . . ,N
ξi ≥ 0 i = 1, . . . ,N

Write Lagrangian

L(w, b, ξ, α, r) =
1
2
‖w‖22 + γ

N∑
i=1

ξi −
N∑
i=1

αi [ti (w>xi + b)− 1 + ξi ]−
N∑
i=1

βiξi .

Here, αi ’s and βi ’s are the Lagrange multipliers, constrained to be ≥ 0.
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Dual problem
After setting the derivatives with respect to w and b to zero,
substituting them back in, and simplifying, we obtain the following dual
form of the problem (in hw3):

max
α

W (α) =
N∑
i=1

αi −
1
2

N∑
i,j=1

ti tjαiαjxTi xj

s.t. 0 ≤ αi ≤ γ
N∑
i=1

αi ti = 0.

• Predict using wT x + b =
∑N

i=1 αi tixTi x + b.
• Most αi ’s will be zero except for the support vectors. Thus, many

of the terms in the sum above will be zero.
• Thus, dual formulation provides computational benefits when D

(x ∈ RD ) is very large.
• Defining xT x′ = k(x, x′), we can kernelize the above formulation.
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SVMs: What we Left Out

What we left out:
• How to fit w (or dual):

I One option: gradient descent on the primal.
I The SMO (sequential minimal optimization) algorithm, due to

John Platt, gives an efficient way of solving the dual problem.
• The “kernel trick” converts it into a powerful nonlinear classifier.
• Classic results from learning theory show that a large margin

implies good generalization.
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Decision Trees
• Decision trees make predictions by recursively splitting on

different attributes according to a tree structure.
• Example: classifying fruit as an orange or lemon based on height

and width

Yes No 

Yes No Yes No 
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Decision Trees
• For continuous attributes, split based on less than or greater than

some threshold
• Thus, input space is divided into regions with boundaries parallel

to axes

30 / 62



Example with Discrete Inputs
• What if the attributes are discrete?

Attributes.
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Decision Tree: Example with Discrete
Inputs

• Possible tree to decide whether to wait (T) or not (F)
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Decision Trees

• Internal nodes test attributes
• Branching is determined by attribute value
• Leaf nodes are outputs (predictions)
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Decision Tree: Classification and
Regression

• Each path from root to a leaf defines a
region Rm of input space

• Let {(xm1 , tm1), . . . , (xmk
, tmk

)} be the
training examples that fall into Rm

• Classification tree:
I discrete output
I leaf value ym typically set to the most common value in
{tm1 , . . . , tmk

}
• Regression tree:

I continuous output
I leaf value ym typically set to the mean value in {tm1 , . . . , tmk

}

Note: We will focus on classification
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How do we Learn a DecisionTree?

• How do we construct a useful decision tree?
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Learning Decision Trees
• Resort to a greedy heuristic! Start with empty decision tree and

complete training set
I Split on the “best” attribute, i.e. partition dataset
I Recurse on subpartitions

• When should we stop?
• Which attribute is the “best” (and where should we split, if

continuous)?
I Choose based on accuracy?
I Loss L(R): misclassification rate
I Say region R is split in R1 and R2 based on loss L(R).
I Accuracy gain is L(R)− |R1|L(R1)+|R2|L(R2)

|R1|+|R2| .
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Choosing a Good Split
• Why isn’t accuracy a good measure?
• Classify by the majority, loss is misclassification rate.

• Is this split good? Zero accuracy gain (using misclassification rate)

L(R)− |R1|L(R1) + |R2|L(R2)

|R1|+ |R2|
=

49
149
−

50× 0 + 99× 49
99

149

• But we’ve reduced our uncertainty about whether a fruit is a
lemon
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Choosing a Good Split

• How can we quantify uncertainty in prediction for a given leaf
node?
I All examples in leaf have same class: good, low uncertainty
I Each class has same amount of examples in leaf: bad, high

uncertainty
• Idea: Use counts at leaves to define probability distributions, and

use information theory to measure uncertainty
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We Flip Two Different Coins

Sequence 1: 
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 ... ?	

Sequence 2: 
0 1 0 1 0 1 1 1 0 1 0 0 1 1 0 1 0 1 ... ?	

16 

2 
8 10 

0	 1	

versus 

0	 1	
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Quantifying Uncertainty
Entropy is a measure of expected “surprise”: How uncertain are we of
the value of a draw from this distribution?

H(X ) = −EX∼p[log2 p(X )] = −
∑
x∈X

p(x) log2 p(x)

0	 1	

8/9 

1/9 

−8
9
log2

8
9
− 1

9
log2

1
9
≈ 1

2

0	 1	

4/9 5/9 

−4
9
log2

4
9
− 5

9
log2

5
9
≈ 0.99

• We treat frequency as probabiliy.
• Averages over information content of each observation
• Unit = bits (based on the base of logarithm)
• A fair coin flip has 1 bit of entropy
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Quantifying Uncertainty

H(X ) = −
∑
x∈X

p(x) log2 p(x)

0.2 0.4 0.6 0.8 1.0
probability p of heads

0.2

0.4

0.6

0.8

1.0

entropy

41 / 62



Entropy

• “High Entropy”:
I Variable has a uniform like distribution
I Flat histogram
I Values sampled from it are less predictable

• “Low Entropy"
I Distribution of variable has peaks and valleys
I Histogram has lows and highs
I Values sampled from it are more predictable
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Entropy of a Joint Distribution
• Example: X = {Raining, Not raining}, Y = {Cloudy, Not cloudy}

Cloudy' Not'Cloudy'

Raining' 24/100' 1/100'

Not'Raining' 25/100' 50/100'

H(X ,Y ) = −
∑
x∈X

∑
y∈Y

p(x , y) log2 p(x , y)

= − 24
100

log2
24
100
− 1

100
log2

1
100
− 25

100
log2

25
100
− 50

100
log2

50
100

≈ 1.56bits
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Specific Conditional Entropy
• Example: X = {Raining, Not raining}, Y = {Cloudy, Not cloudy}

Cloudy' Not'Cloudy'

Raining' 24/100' 1/100'

Not'Raining' 25/100' 50/100'

• What is the entropy of cloudiness Y , given that it is raining?

H(Y |X = raining) = −
∑
y∈Y

p(y |raining) log2 p(y |raining)

= −24
25

log2
24
25
− 1

25
log2

1
25

≈ 0.24bits

• We used: p(y |x) = p(x,y)
p(x) , and p(x) =

∑
y p(x , y) (sum in a

row)
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Conditional Entropy
Cloudy' Not'Cloudy'

Raining' 24/100' 1/100'

Not'Raining' 25/100' 50/100'

• The expected conditional entropy:

H(Y |X ) = Ex∼p(x)[H(Y |X = x)] (1)

=
∑
x∈X

p(x)H(Y |X = x)

= −
∑
x∈X

∑
y∈Y

p(x , y) log2 p(y |x)

= −E(X ,Y )∼p(x,y)[log2 p(Y |X )]

45 / 62



Conditional Entropy
• Example: X = {Raining, Not raining}, Y = {Cloudy, Not cloudy}

Cloudy' Not'Cloudy'

Raining' 24/100' 1/100'

Not'Raining' 25/100' 50/100'

• What is the entropy of cloudiness, given the knowledge of
whether or not it is raining?

H(Y |X ) =
∑
x∈X

p(x)H(Y |X = x)

=
1
4
H(cloudyness|is raining) + 3

4
H(cloudyness|not raining)

≈ 0.75 bits
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Conditional Entropy

• Some useful properties for the discrete case:
I H is always non-negative.
I Chain rule: H(X ,Y ) = H(X |Y ) + H(Y ) = H(Y |X ) + H(X )

I If X and Y independent, then X doesn’t tell us anything
about Y : H(Y |X ) = H(Y )

I But Y tells us everything about Y : H(Y |Y ) = 0
I By knowing X , we can only decrease uncertainty about Y :

H(Y |X ) ≤ H(Y )

Verify these.
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Information Gain
Cloudy' Not'Cloudy'

Raining' 24/100' 1/100'

Not'Raining' 25/100' 50/100'

• How much information about cloudiness do we get by discovering
whether it is raining?

IG (Y |X ) = H(Y )− H(Y |X )

≈ 0.25 bits

• This is called the information gain in Y due to X , or the mutual
information of Y and X

• If X is completely uninformative about Y : IG (Y |X ) = 0

• If X is completely informative about Y : IG (Y |X ) = H(Y )
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Revisiting Our Original Example
• Information gain measures the informativeness of a variable, which

is exactly what we desire in a decision tree attribute!
• What is the information gain of this split?

• Let Y be r.v. denoting lemon or orange, B be r.v. denoting
whether left or right split taken, and treat counts as probabilities.

• Root entropy: H(Y ) = − 49
149 log2(

49
149 )−

100
149 log2(

100
149 ) ≈ 0.91

• Leafs entropy: H(Y |B = left) = 0, H(Y |B = right) ≈ 1.

• IG (Y |B) = H(Y )− H(Y |B)

= H(Y )−{H(Y |B= left)P(B= left)+H(Y |B= right)P(B= right)}
≈ 0.91− (0 · 1

3 + 1 · 2
3 ) ≈ 0.24 > 0
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Constructing Decision Trees

Yes No 

Yes No Yes No 

• At each level, one must choose:
1. Which variable to split.
2. Possibly where to split it.

• Choose them based on how much information we would gain
from the decision! (choose attribute that gives the best gain)
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Decision Tree Construction Algorithm

• Simple, greedy, recursive approach, builds up tree node-by-node
• Start with empty decision tree and complete training set

I Split on the most informative attribute, partitioning dataset
I Recurse on subpartitions

• Possible termination condition: end if all examples in current
subpartition share the same class
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Back to Our Example

Attributes:
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Attribute Selection

IG (Y ) = H(Y )− H(Y |X )

IG (type) = 1−
[

2
12

H(Y |Fr.) + 2
12

H(Y |It.) + 4
12

H(Y |Thai) +
4
12

H(Y |Bur.)
]
= 0

IG (Patrons) = 1−
[

2
12

H(Y |None) + 4
12

H(Y |Some) + 6
12

H(Y |Full)
]
≈ 0.541
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Which Tree is Better?
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What Makes a Good Tree?

• Not too small: need to handle important but possibly subtle
distinctions in data

• Not too big:
I Computational efficiency (avoid redundant, spurious

attributes)
I Avoid over-fitting training examples
I Human interpretability
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Expressiveness
• Discrete-input, discrete-output case:

I Decision trees can express any function of the input
attributes

I E.g., for Boolean functions, truth table row→ path to leaf:

• Continuous-input, continuous-output case:
I Can approximate any function arbitrarily closely

• Trivially, there is a consistent decision tree for any training set w/
one path to leaf for each example but it probably won’t generalize
to new examples

[Slide credit: S. Russell]
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Decision Tree Miscellany
• They produce highly interpretable models.

• Problems:
I You have exponentially less data at lower levels
I Too big of a tree can overfit the data
I Greedy algorithms don’t necessarily yield the global optimum
I Mistakes at top-level propagate down tree

• Handling continuous attributes
I Split based on a threshold, chosen to maximize information

gain. There are efficient ways of doing this, which we don’t
cover in the lecture.

• Decision trees can also be used for regression on real-valued
outputs. Choose splits to minimize squared error, rather than
maximize information gain.
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Ensemble methods: Brief overview

• An ensemble of predictors is a set of predictors whose individual
decisions are combined in some way to predict new examples
I E.g., (possibly weighted) majority vote

• For this to be nontrivial, the learned hypotheses must differ
somehow, e.g.
I Different algorithm
I Different choice of hyperparameters
I Trained on different data
I Trained with different weighting of the training examples

• Ensembles are usually easy to implement. The hard part is
deciding what kind of ensemble you want, based on your goals.

58 / 62



Bagging: Motivation
• Suppose we could somehow sample m independent training
sets {Di}mi=1 from pdataset.
• We could then learn a predictor hi := hDi

based on each
one, and take the average h = 1

m

∑m
i=1 hi .

• How does this affect the terms of the expected loss (recall
Bias-Variance trade off)?
I Bias: unchanged, since the averaged prediction has the same

expectation

E
D1,...,Dm

iid∼pdataset
[h(x)] =

1
m

m∑
i=1

EDi∼pdataset [hi (x)] = ED∼pdataset [hD(x)]

I Variance: reduced, since we’re averaging over independent
samples

Var
D1,...,Dm

[h(x)] =
1
m2

m∑
i=1

Var
Di

[hi (x)] =
1
m

Var
D

[hD(x)].
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Bagging: The Idea

• In practice, we don’t have access to the underlying data
generating distribution psample.

• It is expensive to independently collect many datasets.

• Solution: bootstrap aggregation, or bagging.
I Take a single dataset D with n examples.
I Generate m new datasets, each by sampling n training

examples from D, with replacement.
I Average the predictions of models trained on each of these

datasets.
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Bagging: The Idea
• Problem: the datasets are not independent, so we don’t get
the 1/m variance reduction.
I Possible to show that if the sampled predictions have

variance σ2 and correlation ρ, then

Var

(
1
m

m∑
i=1

hi (x)

)
=

1
m
(1− ρ)σ2 + ρσ2.

• Ironically, it can be advantageous to introduce additional
variability into your algorithm, as long as it reduces the
correlation between samples.
I Intuition: you want to invest in a diversified portfolio, not just

one stock.
I Can help to use average over multiple algorithms, or multiple

configurations of the same algorithm.
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Random Forests
• Random forests = bagged decision trees, with one extra
trick to decorrelate the predictions

• When choosing each node of the decision tree, choose a
random set of d input features, and only consider splits on
those features

• This extra randomness helps the algorithm generalize better.

• Random forests are probably the best black-box machine
learning algorithm — they often work well with no tuning
whatsoever.
I one of the most widely used algorithms in Kaggle

competitions
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